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Mobile robot

Types of description (1/4)

The mobile robot can be described using different types of
description [1]:

@ In generalized coordinates,
@ In auxiliary velocities,
@ In linearised coordinates.
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Mobile robot

Types of description (2/4)

Generalized coordinates

M(q)g + C(q,9)g + D(q) = A"\ + Bu (1)
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Mobile robot

Types of description (3/4)

Auxiliary velocities

{ M*n + C*n + D* = B*u,
qg=Gn.

n,u€ R™ 3)
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Mobile robot

Types of description (4/4)

Linearising coordinates
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Modelling

Dynamics (1/2)

For a robotic system a Lagrangian can be defined as a
difference between kinetic energy and potential energy

L(g,9) = K(q,9) — V(q). (5)

From Hamilton’s principle of least action the dynamics can be
expressed as Euler-Lagrange equation

If there are external forces (friction, control forces, constraints)
then above can be rewritten as

doL oL
— atoqg o0q
Wroclaw University
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Modelling

Dynamics (2/2)

If constraints forces are being considered as well as control
forces then ultimately the dynamics can be expressed as

doL oL
dtog g = A" (g)A + B(q)u. (8)

Finally, the dynamics can be presented as

M(q)g + C(q.9)g+ D(q) = A"\ + Bu 9)
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Unicycle
Kinematics

Let us consider following unicycle kinematics

X cosf cosf

j{ sinf siné

o [=| 1+ -1 (”‘ ) (10)
) 2 2

1 R

®, 0 2

where 7y = 8¢ and 7, = B, are scaled wheels’ speeds. R is

wheel radius and L is half distance between wheels.
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Unicycle

Dynamics (1/3)

Let us consider dynamics given as

M(q)g = AT\ + Bu (11)
then
mp 0 0 0 O 00
0 mm 0 0 0 00
M=|0 0 L O 0|, B=|00 (12)
0 0 0 Iy O 10
0 0 0 0 Iy 0 1
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Unicycle

Dynamics (2/3)

Given that kinematics of a mobile platform is given as

q=Gn (13)

and _
q=Gn+Gn (14)

then the dynamic expressed in generalized coordinates can be
rewritten using auxiliary velocities.
M(Gn + Gi) = AT\ + Bu (15)
yielding
e oty MGij + MGy = ATA + Bu. (1

11/36

Wojciech Domski Advanced Robot Control



Unicycle

Dynamics (3/3)

The above can be left-handed multiplied by G”
G'MGr + G"MGn = GTBu. (17)
The equivalent form is
M*n+ C*n = B*u (18)
where M* = GTMG, C* = GTMG and B* = G'B.

The dynamics expressed in auxiliary velocities is an entry-point
for static linearisation.
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Linearised coordinates
Linearised coordinates

@ & —group of coordinates that can be linearised statically,

@ & — group of coordinates that can not be linearised
statically.

Let

& = h(q) e R,
& = k(g)e R™™
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Linearised coordinates

Differentiation of &,

_dhdg _dh. oh

= T g=""Gn=R" 2
agdt ~ aq” aan R™'n (20)

&
The matrix R~ is defined as
oh
R = [G] (1)
aq mxm

The matrix R~ is called a decoupling matrix.
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Linearised coordinates
Regularity condition

detR~"' #£0 (22)

Let’s assume that the above condition is fulfilled then

& =Ry
after left-hand side multiplication by R matrix we get
R/ & =Ry
&
)= R e
pomney 1 = ARG ARG s
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Linearised coordinates

Reformulation of dynamic equations (1/3)

After substitution of (23)—(24) to (2) we get
M (Rg} n Rg’}) + C*Réy + D* = B*u. (25)

After left-hand side multiplication by the transposition of R
matrix we get

RT/ M*R&y + M*REy + C*REy + D = B*u. (26)

After grouping we get
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Linearised coordinates

Reformulation of dynamic equations (2/3)

Meéy + Ceéy + D = Beu (27)
where

M: = R'M'R

Cc = RT(M'R+C'R)

D: = R'D*

B: = R'B*

The M¢(q) matrix is inertia matrix expressed in linearised
coordinates. Dynamics expressed in linearised coordinates has
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Linearised coordinates

Reformulation of dynamic equations (3/3)

following general form

Meéy + Ceéy + D = Beu (28)

Property of the system

The system expressed as (28) has the same structure as a
manipulator.
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Linearised coordinates

Symmetry of M, matrix (1/1)

It is required of the inertia matrix M, to be symmetric because
control algorithms require this property.

How to check if J is symmetric?

Mg = M (29)

MI =(R"™M*R)" = R"fM*"R = RTM*R = M,. (30)

Because inertia matrix M* is symmetric itself (M* = M*T).
Wroctaw University
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Linearised coordinates

Differentiation of & (1/2)

. _okdq _ ok, _ 0k
§o = ==

bt —Gn= 2
aq dt aqq 3 Gn = S(q)é (32)
where
ok
S(q) = a—qGF? (33)
Therefore the following equation
— . &2 = S(q)¢1. (34
Wodow Uiy &y

The above equation is similar to the "kinematics”.
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Linearised coordinates

Differentiation of & (2/2)

In particular & can be used to calculate signals (position as
well as orientation)

Let us assume that k(q) is given as

X
y
k(=1 ¢ |=q (35)
o
b
Thus,
. ok . . .
q==E& = TJGR& = lbx5s GRSy = GR¢;. (36)
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Linearised coordinates

Control low (1/3)

The dynamics expressed in linearised coordinates
Mgé + C§§:1 + De = Beu (37)

can be expressed as an affine system

& = FE + GgU.
Fe = _M; Ceét — M 'D; . (38)
G& = Mf_ Bg

Let us consider following control law

u=G;'(v—F).
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Linearised coordinates

Control low (2/3)

Full knowledge of the model

The control law (39) assumes that the full knowledge about
control object is known.

v is a new input to the system. After injecting (39) into the
affine system (38) we get a closed-loop system in the form of a
double integrator.

{1 = V. (40)
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Linearised coordinates

Control low (3/3)

To track a desired trajectory in linearised coordinates £; we
propose a PD controller with correction

V=g — Ko — Kgés. (41)

The errors are defined as e; = & — &g and & = &1 — &qg.
Matrices K, and Ky are symmetric and positively defined.
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Properties
Properties of a linearised system

Model expressed in linearised coordinates has following
properties:

@ Only the position is linearised.
@ The orientation cannot be linearised.

Eccentric movement

The eccentric movement can be observed because tracking is
only done for position.
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Example

Unicycle (1/2)

Let us consider an unicycle platform — (2,0) platform. The
kinematics is described as

X = Vcosb,
y = vVsiné,
0 = w

or equivalently

(%)q{?ﬁg 18](5)6(5) (42)

@»@L&A@ &hagse linearising functions h(g) as
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Example

Unicycle (2/2)

()G e

cosf O

_1 Oh 1 0 —esin(d+9) )
R-1— _
@qG [0 1 ecos(f + 9) ] [ 5'80 (1)]

a1 cosf —esin(f +6)
~ | sinf ecos(f + )
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Regularity condition

detR™" = ecosfcos(f + &) + esinBsin(f + )
= e(cosfcos(f + 0) +sinBsin(0 + 0))
= ecos(—d) = ecosd

The condition is fulfilled when
detR™" = ecosd + 0,
thus, following two conditions should be met

e;«éO/\éyéngkw. (45)

‘7 Guidance point P
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Example
Geometric interpretation

‘5} Wroctaw University XO
of Science and Technology
29/36
Wojciech Domski Advanced Robot Control



Simulations

Control problem statement

The objective is to track a desired trajectory £14. The trajectory
is given as

hgi = Acos(wt + A) (46)
hge = Asin(wt+ A)
where A=1,w=Zrand A =0.2.
Controller gains are given as K, = 200 and Ky = 20.
Guidance point is defined by e = 0.1 and § = 0.05.
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Simulation

Overview

%

Errors in linearized space

Real vs. desired trajectory in linearized space

xy vs. h trajectories
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Simulations

Trajectory tracking

Real vs. desired trajectory in linearized space
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Simulations

Unicycle’s centre vs. guidance point

Xy vs. h trajectories
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Simulations

Error convergence
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Errors in linearized space
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Quiz (1/1)

Calculate group number as the rest from dividing the Student
ID number by 4.

Student ID number is 123456, thus the group is 0.
Take last 2 digits from Student ID number (56) and calculate
the rest from dividing by 4 (56 % 4 = 0).

Write down your name, Student ID number and group.
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Quiz

Literature (1/1)
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